This paper introduces the synchrosqueezed wave packet transform as a method for analyzing twodimensional images. This transform is a combination of wave packet transforms of a certain geometric scaling, a reallocation technique for sharpening phase space representations, and clustering algorithms for modal decomposition. For a function that is a superposition of several wave-like components with a highly oscillatory pattern satisfying certain separation conditions, we prove that the synchrosqueezed wave packet transform identifies these components and estimates their local wavevectors. A discrete version of this transform is discussed in detail, and numerical results are given to demonstrate the properties of the proposed transform.
seismic imaging analysis, different local wavevectors correspond to different seismic events, which typically link to different geological features. A naïve attempt would simply combine the 2D wavelet transform with the synchrosqueezing approach. The resulting synchrosqueezed 2D wavelet transform would be capable of separating components that have different wavevectors at each location, just as the 1D transform does for 1D signals. However, in many situations this is not enough, since a typical 2D image can have components whose wavevectors have the same magnitude but point in different directions, as shown in Figure 1(left) . In fact, images from many applications related to high-frequency wave propagation have this feature. In order to distinguish these modes, we propose the synchrosqueezed wave packet transform, which combines the synchrosqueezing idea with wave packets of an appropriate geometric scaling.
The key feature is that these wave packets have finer and, more importantly, directional support in the 2D Fourier domain, which allows anisotropic angular separation in the Fourier domain, i.e., distinguishing components oscillating in different directions, as shown in Figure  1 (right). As far as we know, the synchrosqueezed wave packet transform is the first method to date equipped with this ability. Figure 1 . Comparison of the resolutions of continuous wavelets (left) and continuous wave packets (right) in the Fourier domain. Consider the superposition of two plane waves e 2πip·x and e 2πiq·x with the same frequency (|p| = |q|) but different wavevectors (p = q). The two dots in each plot show the support of the Fourier transforms of these two plane waves. Left: The gray region stands for the support of a continuous wavelet. Since the isotropic support of each wavelet either covers or misses both points p and q, the wavelet transform is not able to distinguish these two plane waves. Right: Each gray region represents the support of a wave packet. As long as p and q are well separated, they are in the support of two different wave packets. Hence these two plane waves can be distinguished from each other by the wave packet transform.
from Fubini's theorem and the norm equivalence (1.2) , for any f (x) with its Fourier transform vanishing for |ξ| < 1. Let us now informally discuss why the synchrosqueezed wave packet transform allows one to identify individual pieces of a superposition of multiple components. For simplicity, let
with smooth amplitudes α 1 (x) and α 2 (x) and smooth phases Nφ 1 (x) and Nφ 2 (x) for sufficiently large N (see Figure 3 (top-left)). Let us assume that at each position the local wavevectors N ∇φ 1 (x) and N ∇φ 2 (x) are sufficiently large and well separated from each other 
is more concentrated near two curves. In general, in the full 4D phase space, T f (v, b) is concentrated near two separated 2D surfaces in the 4D phase space, which makes it easier to separate these components with clustering techniques. The second row shows the support of two sets U1 and U2 after the clustering algorithm is applied. Each set contains the synchrosqueezed energy distribution of one deformed plane wave.
(this will be made precise later). From the above discussion, we know that for each p the wave packet transform W f (p, b) is essentially supported in two sets, for p in the first set,
for p in the second one (see Figure 3 (top-right) for an example). After synchrosqueezing, the energy distribution T f (v, b) then essentially concentrates near two two-dimensional surfaces,
in the four-dimensional phase space. Since S 1 and S 2 are well separated, one expects the essential support of T f (v, b) to separate into two disjoint regions U 1 and U 2 , where U 1 ⊃ S 1 and U 2 ⊃ S 2 contain the synchrosqueezed coefficients from the first mode α 1 (x)e 2πiN φ 1 (x) and the second mode α 2 (x)e 2πiN φ 2 (x) , respectively. Typically, these two sets U 1 and U 2 can be identified with standard clustering algorithms (see the second row of Figure 3 ). Once U 1 and U 2 are identified, we can extract individual modes with
where the set of functions {w pb (x)} is a dual frame of {w pb (x)}.
Related work. Extracting individual components and estimating local wavevectors
is an essential problem in adaptive data analysis. There has been a long history behind applying linear and quadratic methods from applied harmonic analysis to this problem; this line of research is summarized in [21] , for example. The synchrosqueezing method was originally proposed for auditory signal processing in [11] and has been shown to provide good results for 1D signals even under a substantial amount of noise. The recent work in [10] provides an important step towards understanding synchrosqueezing on 1D mode decomposition, and it is generalized to a 2D model in [9] . Since the 2D synchrosqueezed wavelet transform in [9] uses only a 1D spectral line of the wavenumber (the length of the anisotropic wavevector) for decomposition, it cannot distinguish two modes with the same wavenumber but different wavevectors. Even if two modes have different but similar wavenumbers, the 2D synchrosqueezed wavelet transform is not able to distinguish them. [29] has discussed this phenomenon in a simplified model.
A different but related approach for component extraction is the empirical mode decomposition (EMD) initiated and refined by Huang and coworkers [17, 18] . Given a superposition of simple components, called intrinsic mode functions, this approach recursively extracts these components starting from the most oscillatory. Typically, the most oscillatory component is estimated by computing local minima and maxima and applying spline interpolation to these extrema to estimate the envelope function. Though this method has been widely used for real data analysis, it is rather sensitive to noise, and its mathematical analysis is still under development. To address the problem of noise, several variants of EMD have been proposed more recently [15, 30] and shown to improve results for data from practical applications. However, mathematical analysis is still not a resolved problem and is currently under active research. Following the same methodology of extracting each component one-by-one from the most oscillatory one, Hou and Shi have developed an optimization framework for solving the mode decomposition problem, based on total variation [13] or sparse representation in a data-driven dictionary of basis functions [14] . Each component extracted in the optimization scheme belongs to the class of intrinsic mode functions defined in EMD.
In the spirit of EMD, many methods in higher-dimensional cases have been proposed recently. They fall into two types: one is based on surface interpolation [23, 24, 19, 20] , and the other one is based on decomposition of 1D slices [16, 31] . These methods cannot distinguish two modes with the same wavenumber but different wavevectors by lack of anisotropic angular separation. Let us consider a simple superposition of the form
Surface interpolation methods consider f (x) as one single 2D mode by definition. On the other hand, because each 1D slice of f (x) contains two modes with the same wavenumber, the methods based on 1D decomposition would consider the superposition as one single mode as well. Even if the wavenumbers are different but close, the number of modes answered by the EMD methods would still be one, as explained in [27] .
Comparing these two approaches, we note that the 1D models considered in the EMD approaches are typically more general. Nevertheless, the simpler models considered here and in [10, 11] allow for a more thorough analysis of synchrosqueezed transforms applied to these signals and serve as a first step for the analysis of more complicated models considered in the EMD approach.
The rest of the paper is organized as follows. Section 2 contains the main theoretical result of this paper. We prove that when the local wavevectors of multiple components are well separated at each position, the synchrosqueezed wave packet transform is able to estimate the local wavevectors. In section 3, a discrete version of the synchrosqueezed wave packet transform is introduced in detail. Section 4 provides several numerical examples on local wavevector estimation and mode decomposition. Finally, we conclude with some discussions in section 5.
Analysis of the transform.
In this section, we show that the synchrosqueezed wave packet transform can distinguish well-separated local wavevectors for a superposition of multiple components. We start by providing precise definitions for these components and the superposition in two dimensions, following the model used in Daubechies, Lu, and Wu [10] . 
for any 1 ≤ k, l ≤ K. We denote by F (M, N, K) the set of all such functions.
Let us recall that W f (p, b) is the wave packet transform with geometric scaling parameter s ∈ (1/2, 1) of a function f (x) and that v f (p, b) is the local wavevector estimation. The following theorem is our main theoretical result. Theorem 2.3. For a function f (x) and ε > 0 we define
For fixed M and K there exists a constant ε 0 (M, K) > 0 such that for any ε ∈ (0, ε 0 ) there exists a constant N 0 (M, K, s, ε) > 0 such that for any N > N 0 (M, K, s, ε) and f (x) ∈ F (M, N, K) the following statements hold:
In what follows, when we write O(·), , or , the implicit constants may depend on M and K. The proof of the theorem relies on several lemmas. The following one estimates W f (p, b).
Lemma 2.4. Under the assumption of the theorem, we have
Proof. Let us first estimate W f (p, b) by assuming that f (x) contains a single intrinsic mode function of type (M, N ):
Using the definition of the wave packet transform, we have the following expression for
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We claim that when N is sufficiently large,
First, let us consider the case |p| /
for smooth real functions h(y) and g(y), along with the differential operator
If |∇g| does not vanish, we have
Assuming that h(y) decays sufficiently quickly at infinity, we perform integration by parts r times to get
where L * is the adjoint of L. In the current setting,
where h(y) clearly decays rapidly at infinity since w(y) is in the Schwartz class. In order to understand the impact of L and L * , we need to bound the norm of
Since |∇g| = 0 and each L * contributes a factor of order 1/|∇g|,
Using the fact that 
Since w(y) is in the Schwartz class, we can assume that |w(y)| ≤ Cm |y| m for some sufficient large m with C m for |y| ≥ 1. Therefore, the integration over |y| ε −1/m yields a contribution of at most order O(ε). We can then estimate
A Taylor expansion of α(x) and φ(x) shows that
where in each case b * is a point between b and b + |p| −s y. We want to drop the last term from the above formulas without introducing a relative error larger than O(ε). We begin with the estimate
We also need
Since |e ix − 1| ≤ |x|, the above inequality is equivalent to 
where the third line uses the fact that the integration of w(y) outside the set {y
. Now let us return to the general case, where f (x) is a superposition of K well-separated intrinsic mode components:
as in Definition 2.2. By linearity of the wave packet transform and (2.2), we find (2.5)
Under the assumption of the theorem, we have 
Forming a Taylor expansion and following the same argument as in the proof of Lemma 2.4 gives the following approximation for |p| ∈ [ N 2M , 2MN ]:
We are now ready to prove the theorem. Proof. Let us first consider (i). Suppose there exists
Therefore, 
be the maximum of the right-hand sides of (2.3), (2.4), and (2.7). From the above lemma, we see that, for ε sufficiently small, if N ≥ N 0 (M, K, s, ε) and |p| ∈ [ N 2M , 2MN ], we have
Therefore, there exists k between 1 and K such thatŵ
and
as the other terms drop out since
Let us denote the term
The assumption s ∈ (1/2, 1) is essential to the proof. The upper bound s < 1 enables the wave packets to detect oscillations in different directions. The lower bound s > 1/2 ensures that the support of the wave packets is sufficiently small in space so that the second order properties of the phase function (such as the curvature of the wave front) do not affect the synchrosqueezing estimate of the local wavevectors. As shown in (2.3), (2.4), and (2.7), the constant N 0 (M, K, s, ε) in Theorem 2.3 goes to infinity when s approaches either 1 or 1 2 . Therefore, in practice, s should be chosen to be well separated from both 1/2 and 1.
In [10] , the authors show that, for synchrosqueezed wavelet transform, each intrinsic mode function or component can be reconstructed from the synchrosqueezed coefficients by making use of a reconstruction formula that integrates the continuous wavelet coefficient over the scale parameter with an appropriate weight. They also prove an error bound on the reconstructed intrinsic mode functions. In the current setting, however, we are not aware of a similar reconstruction formula for the wave packet. Therefore, our reconstruction step is based on a Calderon-type reconstruction formula for the wave packets, as illustrated in (1.5) . A similar approach based on the Calderon reconstruction formula for the wavelets is in fact used in the numerical examples of [10] , as it is more robust in the noisy case. However, we have not been able to derive a rigorous error bound for this Calderon-type reconstruction formula for the wave packets at this point.
Since we require N to be sufficiently large in Theorem 2.3, a function defined in Definition 2.2 is a superposition of highly oscillatory components. It is easy to extend Theorem 2.3 to the case where we have different levels of oscillation, i.e., we have different N k large enough. In practical applications, a function might also contain a low-frequency component. For such a low-frequency component, the local wavevector is not well-defined, as it is impossible to perform a phase-amplitude decomposition as is given in Definition 2.1 for a low-frequency signal. Thus Theorem 2.3 does not apply to such a superposition. However, in practice, we observe that the synchrosqueezing step can still separate the support of different components quite well: typically the support of high-frequency components is squeezed into regions Z f,k , while the support of the low frequency component remains at the low-frequency part of the Fourier domain. Therefore, by applying the reconstruction formula to the coefficients of the low-frequency component, one is still able to identify the low-frequency component quite accurately, even though one cannot estimate its local wavevector.
Implementation of the transform.
In this section, we describe in detail the discrete synchrosqueezed wave packet transform. Let us first recall the continuous setting. For a given superposition f (x) of several well-separated components, the synchrosqueezed wave packet transform consists of the following steps: In order to realize these steps in the discrete setting, we first introduce a discrete implementation of the wave packet transform in section 3.1. The full discrete algorithm will then be discussed in section 3.2.
Discrete wave packet transform.
For simplicity, we consider functions that are periodic over the unit square [0, 1) 2 in two dimensions. Let X = {(n 1 /L, n 2 /L) : 0 ≤ n 1 , n 2 < L, n 1 , n 2 ∈ Z} be the L × L spatial grid at which these functions are sampled. The corresponding L × L Fourier grid is For a function f (x) ∈ 2 (X), the discrete forward Fourier transform is defined bŷ
while the discrete inverse Fourier transform of g(ξ) ∈ 2 (Ξ) iš
In both transforms, the factor 1/L ensures that these discrete transforms are isometries between 2 (X) and 2 (Ξ). In order to design a discrete wave packet transform, we need to specify how to decimate the momentum space and the position space. Let us first consider the momentum space. In the continuous setting, the Fourier transform w pb (ξ) of the wave packets for a fixed p value has the profile
modulo complex modulation. In the discrete setting, we sample the Fourier domain [−L/2, L/2] 2 with a set of points P (as shown in Figure 4 ) and associate with each p ∈ P a window function g p (ξ) that behaves qualitatively asŵ(|p| −s (ξ − p)). More precisely, g p (ξ) is required to satisfy the following conditions:
• g p (ξ) is nonnegative and centered at p with a compact support of width L p = O(|p| s ); • g p (|p| s τ + p) is a sufficiently smooth function of τ , so that the discrete wave packets decay rapidly in the spatial domain; • C 1 ≤ |g p (|p| s τ + p)| 2 dτ ≤ C 2 for constants C 1 , C 2 > 0 which are independent of p; • in addition, for any ξ ∈ [−L/2, L/2) 2 , p∈P |g p (ξ)| 2 = 1.
One possible way to specify the set P and the functions {g p (ξ), p ∈ P } is to follow the constructions of the the wave atom frame in [12] or the Gaussian wave packets of [25] . In both constructions, the parabolic scaling s = 1/2 is used in order to represent the oscillatory patterns efficiently. However, in the current setting, the proposed wave packet transform requires s ∈ (1/2, 1), and hence one needs to increase the support of g p (ξ) accordingly. We refer to [12, 25] for more detailed discussions. The above conditions for g p (ξ), p ∈ P , also impose a constraint on the sampling density of the set P . In the frequency plane, the set P becomes dense near the origin and sparser for large ξ. A straightforward calculation shows that the total number of samples in P is of order O(L 2−2s ).
The decimation of the position space is much easier; we simply discretize it with an L B ×L B uniform grid as follows:
As we shall see, the only requirement is that L B ≥ max p∈P L p so that the discrete wave packets can form a frame.
For each fixed p ∈ P and b ∈ B the discrete wave packet, still denoted by w pb (x) without causing much confusion, is defined through its Fourier transform as
for ξ ∈ Ξ. Since g p (ξ) is centered at p and has a support of width L p = O(|p| s ), this function fits into the scaling of wave packets. Applying the discrete inverse Fourier transform provides its spatial description,
For a function f (x) defined on x ∈ X, the discrete wave packet transform is a map from 2 (X) to 2 (P × B), defined by
We can introduce an inner product on the space 2 (P × B) as follows: for any two functions g(p, b) and h(p, b),
The following result shows that {w pb , (p, b) ∈ P × B} forms a tight frame when equipped with this inner product. 
Proof. From the definition of the wave packet transform, we have p∈P,b∈B
For a function h(p, b) in 2 (P × B) , the transpose of the wave packet transform is given by
The next result shows that this transpose operator allows us to reconstruct f (x), x ∈ X, from its wave packet transform
Proof. Let us consider the Fourier transform of the right-hand side. It is equal to
where the second step uses the fact that in the η sum only the term with η = ξ yields a nonzero contribution. Let us now turn to the discrete approximation of ∇ b W f (p, b) . From the continuous definition (1.1), we have
Therefore, we define the discrete gradient ∇ b W f (p, b) in a similar way:
The above definitions give rise to fast algorithms for computing the forward wave packet transform, its transpose, and the discrete gradient operator. All three algorithms heavily rely on the fast Fourier transform (FFT). For the forward transform, writing (3.2) as
suggests the following algorithm.
Form g p (ξ)f (ξ) on the support of g p (ξ).
4:
Wrap the result modulo L B onto the domain [−L B /2, L B /2) 2 .
5:
Apply an L B × L B inverse FFT to the wrapped result.
6:
Multiply the result by
The transpose operator (3.3) can be written equivalently in the Fourier domain aŝ
which suggests the following algorithm for the transpose operator. Multiply h(p, b) for each b ∈ B by L p /L B .
3:
Apply an L B × L B forward FFT to the product.
4:
Unwrap the result modulo L B onto the support of g p (ξ).
5:
Multiply the unwrapped data with g p (ξ) and add the product to getf (ξ). 6: end for 7 
To implement the discrete gradient operator, we rewrite (3.4) as
This suggests the following algorithm.
Form 2πiξg p (ξ)f (ξ) on the support of g p (ξ).
4:
5:
Apply (v, b) into K clusters, one for each intrinsic mode function, through a spectral clustering method. We make use of the algorithm proposed in [22] . For a fixed set S of n points {s 1 , . . . , s n } in R l and an integer K, this method partitions these points into K clusters as follows. Algorithm 3.6. General spectral clustering on set S = s 1 , . . . , s n :
Here σ is an input parameter. 2: Let D be a diagonal matrix such that D ii = n j=1 α ij , and define the Laplacian-type matrix L = D − 1 2 AD − 1 2 . 3: Choose the K largest orthogonal eigenvectors of L, say v 1 ,. . .,v K , and stack them hori-
, which means normalizing the rows of V . 5: Consider each row of M as a point in R K , and then partition these n points into K clusters with the K-means algorithm. 6: If row i of M is assigned to cluster j, then assign the original point s i to cluster j.
In the current setting, we choose a threshold parameter η > 0, define the set S to be
and apply the above algorithm to S. The resulting clusters are defined to be U 1 , . . . , U K . In many cases, the number of components K is not known a priori and needs to be discovered from the function T f (v, b) . To do that, we use the set of nonnegligible entries for each b, i.e., {v ∈ V, T f (v, b) ≥ η}, to decide the local number of clusters and take the maximum number of all b ∈ B to be the cluster number K.
In the final step, we recover each intrinsic mode function by computing
This step can be carried out efficiently by restricting 
Numerical results.
This section presents several numerical examples to illustrate the proposed synchrosqueezed wave packet transforms. Throughout all examples, the threshold value ε is 10 −4 , and the size L of the Cartesian grid X of the discrete algorithm is 512. In the implementation of the discrete wave packet transforms, the scaling parameter s is equal to 2/3, which is a good balance as discussed previously. All these examples are implemented using a PC with Intel Xeon(R), CPU E5-1620, 3.60 GHz. 
Local wavevector extraction.
We first test the accuracy of the estimated local wavevector v f (p, b). Let f (x) be a deformed plane wave:
Theorem 2.3 shows that, for each fixed point b in space, the estimate v f (p, b) approximates the local wavevector at b for any p that satisfies the condition |W f (p, b)| ≥ |p| −s √ ε. In the discrete setting, since L p = O(|p| s ) ≥ 1, the corresponding threshold criterion becomes
for any such p provides an estimate of the local wavevector at b, it is more useful to combine them together to obtain a unique local wavevector estimate for each fixed b. More precisely, we define the mean local wavevector estimate at b to be v m
where the sum in p is taken over all p that satisfy |W f (p, b)L p | ≥ √ ε. Using this estimate, we can define the (discrete) relative error R(b) between v m f (b) and the exact local frequency N ∇φ(b) as
Example 1. We perform the above test on a deformed plane wave f (x) with α(x) = 1, φ(x) = φ(x 1 , x 2 ) = x 1 + x 2 + β sin(2πx 1 ) + β sin(2πx 2 ) with β = 0.1, and N = 135. The relative error R(b) shown in Figure 5 is of order 10 −2 , which agrees with Theorem 2.3 in that the relative approximation error is O( √ ε).
with N = 135 and β = 0.1. The algorithm described in section 3.2 is applied to f (x) to extract these two components. Figure 6 summarizes the results of this test. The first row shows the superposition f (x) (left) and the synchrosqueezed energy distribution T f (v, b) with b 1 fixed at 1 (right). For a fixed b 1 value, T f (v, b) concentrates near two curves. More generally, in phase space, T f (v, b) concentrates near two 2D surfaces. The second row shows the two sets U 1 and U 2 after the clustering steps. Finally, the third row plots the two reconstructed components. The proposed synchrosqueezed wave packet transform is also robust to noise. To demonstrate this, let f (x) be the superposition of two deformed plane waves and a noise term,
where n(x) is an isotropic complex Gaussian random noise with zero mean and variance σ 2 .
In order to reduce the influence of noise, we set up a threshold parameter δ ≈ Cσ 2 , where C is an application-dependent constant, and keep only the values of T f (v, b) that are greater than δ to get the essential support of synchrosqueezed energy distribution. We use the signalto-noise ratio (SNR) and peak signal-to-noise ratio (PSNR) to quantitatively demonstrate the robustness against noise. Here the SNR is defined by
Letf i stand for the ith reconstructed mode. The corresponding PSNR i is defined by
In this test, we set SNR to be 3, 0, and −3. Table 1 summarizes the PSNR values for the two reconstructed modes in each case. Figure 7 demonstrates the result of the synchrosqueezed wave packet transform in more detail. The first column of images shows the essential support of T f (v, b) for b 1 = 1 in each case. We observe that the supports of T f (v, b) are almost identical to those of the noiseless case, except for a little energy loss caused by noise. This demonstrates that the proposed method is robust to noise in estimating local wavevectors.
The second column of images shows the second reconstructed mode of (4.1) in each case. These images are almost very close to the original one, with only some energy loss caused by noise. This shows that the proposed method is robust to noise in reconstructing individual mode functions.
In the analysis, we have assumed so far that each component of the superposition covers the whole domain. In many real applications, one or more components of the superposition might be incomplete and cover only part of the domain. The analysis of this general case is more complicated due to the boundary of these incomplete components. On the other hand, one expects that the synchrosqueezed energy distribution T f (v, b) should still be supported near several 2D surfaces in the phase space, though some of them might be incomplete. In this example, we show that the synchrosqueezed wave packet transform still works quite well under this more general setting.
Here we choose f (x) to be the superposition of two components, one of which is incomplete:
where N = 135, β = 0.1, and χ(x) is an indicator function of an ellipse in [0, 1) 2 . Figure 8 summarizes the results of this example. The first row shows the superposition f (x) without noise. The second row plots the two reconstructed components. We note that the boundary of the second incomplete component is accurately captured by the proposed method. Example 3. In the analysis, we have assumed that different intrinsic mode functions have well-separated local wavevectors at each point. Real data, however, may have multiple components that exhibit nearby or even identical local wavevectors at certain points. Though Theorem 2.3 does not apply to this setting any more, this example shows that often the synchrosqueezed wave packet can still identify the local wavevectors robustly. Let f (x) be a superposition of two deformed plane waves given by
with N = 135 and β = 0.1. In this example, the wavevectors of two modes are the same when x 1 = x 2 = 3π 8 . We apply the synchrosqueezed wave packet transform to noiseless and noisy data and summarize the results in Figure 9 . We observe that the synchrosqueezed wave packet transform continues to estimate the local wavevector accurately without coarsening the supports. wave continues propagating downward while the rest gets reflected (Figure 10(top) ). Figure  10 (bottom) shows the two components obtained from applying the synchrosqueezed wave packet transform to this image. The first component contains the downward propagating mode both above and below the interface of the layered media, while the second component contains the upward reflected mode only above the interface.
Discussion.
The method proposed here is an initial step in mode decomposition for higher-dimensional signals. This is the first method to date that is designed to distinguish two modes with the same frequency but different directions. Several possible directions for future research are listed below.
The synchrosqueezed wave packet transform has a geometric scaling parameter s, which is between 1/2 and 1. Theorem 2.3 shows that the constant N 0 (M, K, s, ε) goes to infinity as s approaches either 1/2 or 1. Therefore, in practice, s should be well separated from both values. A natural question is what the optimal choice for s is, i.e., what value of s minimizes the value N 0 (M, K, s, ε). Clearly, the answer depends on the data through the parameters M and K. The analysis used in the proof of Theorem 2.3 is far from providing an answer to this question. In practice, it is probably more relevant to develop an adaptive algorithm that adjusts the parameter s for a given image. As we mentioned earlier, the case s = 1/2 is the wave atom construction proposed in [12] . Wave atoms provide better angular resolution as the support of wave atoms in the Fourier domain is more refined. However, as we pointed out, the synchrosqueezing step is no longer valid for local wavevector estimation, as the wave atoms are large enough in space to see the second order effects of the phase function. One natural question is whether it is possible to generalize or modify the synchrosqueezing idea so that it will work for the wave atom case.
Another closely related set of analyzing functions is the curvelet frame [2, 4] . Curvelets have been shown to be the optimal tool for representing images that are smooth except for at isolated curvilinear discontinuities [3, 4, 5, 6] . The current approach can be extended to curvelets as long as the parabolic scaling case s = 1/2 can be addressed. A potential advantage of a synchrosqueezed curvelet transform is that it should be able to optimally identify isolated wavefronts, as opposed to the extended wave fields used in the current paper.
So far we have assumed that the local wavevectors of the different intrinsic mode functions are well separated at each point. Clearly this assumption may not hold in practice, as many images might have multiple nearby wavevectors at isolated points or curves. It would be useful to find more robust clustering algorithms to address such situations.
The current approach can be easily extended to three or higher numbers of dimensions. This direction should be relevant for applications, such as seismic imaging.
